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Fourier’s theorem

* Any single-valued periodic function f(x), defined in the
closed interval [-11,1T] may be represented over the interval
by the following trigonometric series
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~ Fourier series
1

f(x):§a0+z (a,cosnx+b_sinnx)
n=1

where the expansion coefficients a,and b,are determined
by Euler’s formula
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The sufficient conditions for the convergence of
the series (Dirichlet’s theorem)

If for the interval [-1t,1T], the function f(X) Is
* Bounded
e Single-valued
* Have only a finite number of extrema (maxima and minima)

* Can have finite number of finite discontinuities (piecewise
continuous)

and Iif f(x+2m) = f(x), for all values of x outside [-T1,TT1],

then

p
Sp(x)zla0+z (a,cosnx+b_sinnx)

converges to f(x) as'p tends to infinity at values of x for which
f(x) Is continuous.



Determination of Fourier coefficients

0 forn#m

_Jf;cos (nx)cos(mx)dx={2x forn=m=0

jisin(nx)sin(mx)dx_—_

| T forn=m>0
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0 forn#m
0 forn=m=0

C@ forn=m>0

f sin(nx)cos(mx)dx=0 for allnand m

fsin(nx)dx:O forall n

fcos(nx)dx: 0 forn>0
“n 21t forn=0



* Multiplying f(X)Z%ao"' fl(ancosnx+bnsinnx)

by cos(mx)dx and carrying out the integration from
X = -1t to X = 11, Wwe will get a,and a,
and by sin(mx)dx and carrying out the integration from

e X =-Ttto X =TI, We will get b,

| an:%j& f (x)cos nx dx
a,=7 | f(x)dx =
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b :%f f (x)sinnx dx
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* The function f(x) is even function f(x) = f(-x) in the range
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an:ﬁf f(x)cosnxdx== f ) cos nx dx
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b :%f f(x)sinnxdx=0 foralln
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* The function f(x) is odd function f(x) = -f(-x) in the range

[-Tt,m]

a :%f f(x)cosnxdx=0, foralln
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Change In interval of expansion

e So far the expansion has been restricted in the range

[-rt,It] = Change the interval to [-1,1 ]
* Letus take f(x):%a0+i(ancosq)x+bnsinq)x)
n=1
For f (x )=f(x+21),q)=nﬂ:/l

ff

ff cosnnx dx forn=0,1,2,....

ff sinnﬂ:x dx forn=1,2,3,....

m— f(X)=%ao+Z ancosn?x+bnsinnr;x
n=1



f(x):%a0+z (a,cosnx+b, sinnx)

n=1
f(x)=2a,+Y a,| S —|+b,| EE—| =2 C,e”
J i~ 2 21 =B
where C,=1 @
R Fourier series in complex form
1

C,==la,—ib

n 2( n n)

C.,=5(a,+ib,



:i C.X2mo, =2nC,

1, whenn=m
0, whenn#m
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* The function f(x) is odd function f(x) = -f(-x) in the range

[-Tt, 1]
aOZ%f f(x)dx:%j xdx=0

a=l X cosnxdle xcosnxdx=0, foralln>0
n— T f f( ) TT f

bn:%_fn f (x)sin nx dXZ%:[E xsinnxdx:%cos(nx):%(—l)”+1




Obtain the Fourier series of the function

<
f(x)= h, when0<x<m
0, when—mt<x<0

f(x):%a0+n§1(ancosnx+bnsinnx)
0 T 1
1 1 1
)= 77 f dx+x | f(x)dx=7 | hdx=h
B 0 0
i 1 ¢ s
—ﬁff cosnxdx+ﬁu f(x) Cosnxdx—ﬁfhcosnxdxzo
—TT —7T 0
0 0 s
%ff smnxdx+%o f(x) smnxdx—%fhsinnxdx
—JU —TT 0
r
¥ h —cos(nx) i 2O],1 forn even
BT n ~|==, forn odd
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lm—n|=0

an:%fhcosnxdx——fhcosnxdx 0
0
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bn:%fhsmnxd —ffhsmnxdx—iz(l cos nx)
0
0, forn even  PRARRSSHEI S
b = —0
12 forn odd =
niw
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f(x)=

+ (ancos nx+b_sinnx)

n

1

2

%T dx+nff dx—%fsinxdx:%
0 0
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ﬁf cosnxdx+ﬂ:ff cosnxdx—ﬁ sin x cos nx dx
0
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0, forn odd

= -2 1
= — —, forn even
n"—1
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0, forn odd
an:<—2 1

= — , lorn even
n—1
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b :%{ f(x)sinnxdx+%! f(x)sinnxdx:%g sin x sin nx dx

(O, for alln except 1

l, forn=1
2

2
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Obtain the Fourier series of the function

f(x)=

sinx, whenO<x<mn
—sinx, when—n<x<0

1 = :
X)|=—a,+ ad.cosnx+b _sinnx
2 0 n n
n=1
O JT JT
lf d+1f' d—2f' d—4
a,=— sin x dx — | sinxdx== | sinxdx=—
5 0 0
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a —ﬁf—smxcosnxdx+ﬁfsmxcosnxdxzﬁ sin X cos nx dx
0

Oc—;ﬁ
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0, forn odd
=i—4 1
il

, forn even
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bnzﬁf —smxsmnxdx+ﬁf smxsmnxdx:ﬁf sin xsinnx dx=0
al 0

f(x)Z%—% cos(nx)

n—even n _1
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